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Abstract 

We present arguments that show what the running of the cosmological constant means 
when quantum general relativity is formulated following the prescription developed by 
Feynman. 



Recently [1-3] there has been some controversy about the meaning of a running cos- 
mological constant in quantum field theory. In sum in Ref. [1], it is argued that the 
invariance of the physical vacuum energy density under renormalization group action 
means that the total response of this quantity to a change in the renormalization scale, 
H, is in fact zero, so that it does not actually run. This has been addressed in Ref. [2] by 
arguing that, while the total response of the vacuum energy density to a change in such a 
scale is zero, this still allows for that part of Einstein's theory that we "see" at low energy 
to contribute to the implicitly running part of the vacuum energy density, which is then 
compensated by the dependence on the running scale due to both known contributions 
and unknown contributions from the possible UV completion of Einstein's theory. Here, 
following Feynman's formulation [4] of Einstein's theory, which we have recently extended 
to a UV finite approach [5] to quantum general relativity, we will present arguments that 
generally agree with this latter view. Ref. [3] has also an equivalent view to this latter 
one. 

Before proceeding any further, we need to clarify already one important point of 
definition. We reference here Einstein's equation 

Rnv - t; r 9lw + Ag^ = SitGnT^ (1) 

where R^ u is the contracted Riemann tensor, R is the curvature scalar, g^ u is the metric 
of space-time, Gn is Newton's constant, T^ u is the matter energy- momentum tensor and 
A is the cosmological constant as we will define it in our discussion. If we take the vacuum 
expectation value of this equation, and follow Feynman and expand about flat Minkowski 
space with the metric representation 

9nv = Vvv + 2k/v (2) 



where k = ^8-itGn, rj^ = diag(l, — 1, — 1, — 1), so that h^ v is the quantum fluctuating 
field of the graviton here, then we can move the purely gravitational contribution to the 
VEV, which arises from the nonlinear part of the "geometric" side of Einstein's equation, 
to the right-hand side to get 

= -87rGiv < 0| V|0 > (3) 

where now we have defined 

< 0|V|0 > = < 0| + ^{R^v ~ ^%u/) | nonlinear J |0 > . (4) 

From (jHJ), we see that, to any finite order in k, as the tensor inside the VEV operation 
in (J4]) is conserved in the "flat space" sense [6], it has zero anomalous dimension and this 
proves that A runs because Gn runs. Indeed, that G^ runs can be inferred immediately 
from the Dyson resummation of the graviton propagator and the conservation of t^: in 
complete analogy with QED, the "invariant charge" then obtains 

K 2 

2 / 2 \ z \ 

K[q) = l + ^ihy,/^) (5) 



i 



when k is renormalized at the point /j 2 and IT(g 2 , /i 2 , K 2 )is the respective transverse trace- 
less renormalized proper graviton self-energy function. 

The discussion in Ref. [1] seems to equate the discussion of the running of the cos- 
mological constant A and the discussion of the running of the vacuum energy density. As 
defined in Einstein's equation (JTJ, the two attendant quantities are in fact related by a 
factor of —8ttGn- Since the arguments in Ref [1] would show as well that the vacuum 
energy density does not run, it would follow again that A as defined here runs with Gn- 

Let us then agree to call the object analyzed in Ref. [1] by its proper name the vacuum 
energy density V vac . From (j3J), we do see that the relation 

A = -SvrGVKac (6) 

holds. It seems that the arguments in Ref. [2, 3] are also concerned with V vac rather 
than A as defined in flTJ). Accordingly, we now comment somewhat further with emphasis 
regarding the running physics of V vac . 

Specifically, so far, we are working with the entire set of degrees of freedom in Ein- 
stein's theory as formulated by Feynman, that is to say, we are working with the entire 
set of degrees of freedom in h^ u for example. As Wilson has shown [7], by isolating the 
physics on a given scale, it is possible to formulate the solution of the theory in the form 
of scale transformations which evolve the theory from one scale to the next, Wilsonian 
renormalization group transformations. This has been pursued in Refs. [8] in realizing 
Weinberg's asymptotic safety approach [9] to Einstein's theory. If we thin the degrees 
of freedom a la Wilson to those relevant to a given scale /i, as it is done in Ref. [8] for 
example, then the effective action at this scale will give the equation such as Einstein's 
([1]), with perhaps some higher dimensional operators added for a given level of accuracy, 
but for the theory with the thinned degrees of freedom relevant for the scale \x , with the 
attendant effective couplings at the scale /i, and this will mean that only that part of the 
vacuum energy density relevant to the physics on the scale /j, will enter into relations such 
as ([3]), ([6]). This means that we have 

A(aO = -87rG 7V (^)Kac(/i) (7) 

following the general development of Wilson's renormalization group theory and dropping 
possible irrelevant operator terms. We conclude that both A and V vac run when the theory 
is solved a la Wilson. This is borne out by the results in Refs. [8]. It also supports the 
arguments in Ref. [2,3]. 

The basic physics underlying this running of both A and V vac is as follows. If 
we do not thin the degrees of freedom, we can identify a scale [2] /x = parame- 
ter that corresponds to the vacuum energy density of the universe at arbitrarily long 
wavelengths and call that K>ac-phys and we can then use Einstein's equation to iden- 
tify Ap hys = — 87rGAr(0)V V ac- P hys) where Gn(0) is Newton's constant at zero momentum 
transfer. These quantities K, ac _ p hy S , A p h ys would then be invariant under renormaliza- 
tion and they would not run with changes in the renormalization scale \i. On the other 
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hand, following what is done in Ref. [8] or following Ref. [10] and implementing Wilso- 
nian renormalization group theory, we are naturally led to effective actions in which 
degrees of freedom have been thinned on a scale /x and the corresponding values of A and 
V va _ c , Kac(/^), respectively, for the attendant effective action will run with /i. If a 

degree of freedom is integrated out of the path integral for the theory, all of its quanta are 
replaced by their effects on the remaining degrees of freedom. This means that in general 
Kac runs. 

We conclude that the standard methods of the operator field do not support the 
arguments in Ref. [1] when they are used to argue that A and V va _ c do not run. The argu- 
ments in Ref. [1] regarding the renormalization invariance of A phys and Kac- P h ys , defined 
appropriately, are of course correct. 
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